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Abstract. In this work nuclear structure properties of 86,87,88,89Y isotopes have been investigated using
large-scale shell-model calculations within the full f5/2pg9/2 model space. The calculations have been
performed with JUN45 and jj44b effective interactions that have been proposed for use in the f5/2, p3/2,
p1/2, g9/2 model space for both protons and neutrons. Reasonable agreement between experimental and
calculated values are obtained. This work will add more information to previous study by projected shell
model [Eur. Phys. J. A 48, 138 (2012)] where full-fledged shell model calculations proposed for these nuclei.
PACS. 21.60.Cs Shell model
1 Introduction
The neutron rich nuclei with Z = 28-40 recently attracted
much theoretical and experimental affords [1,2,3,4,5,6,7,
8,9,10]. Many fascinating phenomena have been observed
in this region. The nuclei Sr, Y and Zr are close to subshell
closure, thus they are expected to exhibit single-particle
characteristics. The other important features in this region
are existence of high-spin isomers and shape transitions
as higher j orbitals are occupied. Recently structure of
Sr and Zr isotopes near and at the magic number N = 50
shell via g-factor and life-time measurements have been in-
vestigated. The Zr isotopes changing structure from 80Zr
(super deformed) with high occupancy of pig9/2 orbit to
less deformed 90Zr with substantial pig9/2 orbit occupancy.
Recent experimental study claim the evolution of collec-
tivity and shape coexistence for Sr isotopes.
The high-spin states in 86Y using heavy-ion fusion-
evaporation reactions have been studied in [11]. The corre-
sponding structures were interpreted by shell-model with
truncation. For 88Y the high-spin states up to an exci-
tation energy of 8.6 MeV and spin and parity of 19(−)
reported in Ref. [12]. In the another experiment high-
spin states up to spin 21h¯ investigated through fusion-
evaporation reaction 82Se (11B, 5n) [13]. The excited states
of 87Y up to 33/2(−) at ∼ 7 MeV with in-beam γ ray spec-
troscopy reported in [14]. In this work majority of the ob-
served high-spin states explain on the basis of ν = 3 and
ν =5 configurations. Previously this nucleus were exper-
imentally studied in Refs. [15,16,17], and excited states
up to ∼ 4.6 MeV were observed. The experimental re-
sults up to 31/2+ h¯ for 89Y is reported in [18] by us-
ing in-beam γ-ray spectroscopy. B. Cheal et al. used laser
a e-mail: pcsrifph@iitr.ac.in
spectroscopy method to study isomeric states of yttrium
isotopes [19]. In this work nuclear charge radii differences,
magnetic dipole and electric quadrupole moments have
been obtained. Recently, theoretical results of positive -
parity yrast bands of odd 79−89Y isotopes using projected
shell model (PSM) reported in [20]. In this work it is men-
tioned that the results of large-scale shell model calcu-
lation in this mass region is limited due to involvement
of g9/2 orbital which generate large configuration space.
Thus results of modern shell-model calculations are desire
for these nuclei.
In the present paper, we reported systematic study
of shell-model results for 86,87,88,89Y isotopes. The main
motivation of present study to explain recently available
experimental data for these isotopes.
The result of present work is organized as follows:
Model space and Hamiltonian is given in section 2. In sec-
tion 3-5, energy levels and transition probabilities, quadrupole
and magnetic moments, occupancy are compared with the
available experimental data. Finally, concluding remarks
are drawn in section 6.
2 Model space and Hamiltonians
The present shell model (SM) calculations have been car-
ried out with two recently available effective SM interac-
tions, JUN45 and jj44b, that have been proposed for the
1p3/2, 0f5/2, 1p1/2 and 0g9/2 single-particle orbits. JUN45,
which was recently developed by Honma et al [21], is a
realistic interaction based on the Bonn-C potential fitting
400 experimental binding and excitation energy data with
mass numbers A = 63−96. Since the present model space
is not sufficient to describe collectivity in these regions,
data have not been used while fitting in the middle of the
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shell along the N = Z line. For JUN45, the data mostly
fitted to develop this interaction closure to N = 50. This
interaction is not successful in explaining data for Ni and
Cu isotopes, possibly due to the missing 0f7/2 orbit in the
present model space. The jj44b interaction due to Brown
et al [22] was developed by fitting 600 binding energies
and excitation energies with Z = 28-30 and N = 48-50.
Instead of 45 as in JUN45, here 30 linear combinations
of good JT two-body matrix elements (TBME) varied,
with the rms deviation of about 250 keV from experiment.
For the JUN45 interaction, the single-particle energies are
taken to be -9.8280, -8.7087, -7.8388 and -6.2617 MeV for
the p3/2, f5/2, p1/2 and g9/2 orbits, respectively. Similarly
for the jj44b interaction, the single-particle energies are
taken to be -9.6566, -9.2859, -8.2695 and -5.8944 MeV for
the p3/2, f5/2, p1/2 and g9/2 orbits, respectively.
All calculations in the present paper are carried out at
TLAPOA computational facility at ICN, UNAM, Mexico
using the shell model code antoine.[23] In case of 79Se
for positive parity maximal dimension is 59 791822.
3 Result of Y isotopes
The shell model results for 86−89Y with two different in-
teractions are shown in Figs. 1–4.
3.1 86Y
Previously shell model calculation in f5/2pg9/2 space for
this isotope with truncation by allowing up to two parti-
cles excitation from f5/2 and p3/2 to p1/2 and g9/2 is re-
ported in Ref. [11]. The signature splitting and magnetic
rotation of 86Y using self-consistent tilted axis cranking
calculations based on relativistic mean field theory to in-
vestigate the dipole structures have been studied by Li et
al [24]. In present study we performed shell model calcu-
lation in f5/2pg9/2 space, this will add more information
in the previous study [11] where truncated shell model
results reported.
The JUN45 predicts the same sequence of the first
four levels as in the experiment, however 7− level is much
higher than in the experiment. This level is better pre-
dicted by jj44b, but the other two levels are lower than in
the experiment. All the calculated levels up to 17− have
lower values in both calculations than in the experiment.
Then the value of 18− comes very close to the experimen-
tal one. The 19− is little bit lower in JUN45 calculation
and in jj44b the calculated value of this level becomes
∼300 keV larger as compared to experimental one.
The 8+ level at 218 keV predicted to be 181 and 74
keV by JUN45 and jj44b calculations, respectively. Then
sequence of two 1+ levels are the same in jj44b calculation.
The value of the first 1+ level in this calculation is lower
than in the experiment and that of second level is higher.
In JUN45 both levels are located higher than in the exper-
iment. A very good agreement is given by both calculation
starting from 9+ until 15+. Then both calculations starts
to differ from the experiment. For the ground state 4−,
the JUN45 interaction predicting pi(p11/2)⊗ ν(g
−3
9/2) (∼ 30
%) configuration while jj44b as pi(g39/2) ⊗ ν(f
−1
5/2) (∼ 17
%).
3.2 87Y
Both calculations predict correct ground state. In the jj44b
calculation the sequence of next four negative parity lev-
els are the same as in the experiment, though the values
of this levels are lower than the experimental ones. The
13/2− level is lower than in the experiment while 11/2−
is higher than in the experiment, but the difference in
15/2− experimental and calculated values is only 3 keV.
The 23/2−2 levels which appear in the calculation have not
been measured in the experiment. Then the values of next
25/2−2 levels are ∼ 300 keV lower than in the experiment.
Last four 27/2−, 29/2−, 31/2− and 33/2− levels are in
good agreement with the experimental data.
In JUN45 calculation the pair of 3/2−, 5/2− and 1/2−,
9/2− levels are interchanged as compared to the experi-
ment. The 1/2−2 level is much closer to the experiment
than in jj44b calculation.
Positive parity levels start from 9/2+ in the experi-
ment and in both calculations. In jj44b it starts from lower
value than in the experiment. The 7/2+ level appearing
in both calculations has not been measured in the exper-
iment. Then 5/2+ and 13/2+ levels are lower than in the
experiment in jj44b calculation while they are higher in
the JUN45 calculation. Better agreement with the exper-
iment in higher spins gives JUN45 calculation. The struc-
ture of ground state 1/2− is a single-particle character
(pi(p11/2)). The JUN45 and jj44b interactions predicting ∼
41 % and ∼ 22 % probability, respectively.
3.3 88Y
The first three negative parity levels are in better agree-
ment with the experiment in JUN45 calculation, while the
values of these levels are smaller in the jj44b calculation.
The 7−, 8− and 9− levels which appear in both calcula-
tion have not been measured in the experiment. Then the
levels up to the 15− are better predicted by JUN45 calcu-
lation. The other calculated higher spin levels have larger
values than in the experiment.
The sequence of the first two positive parity levels is
the same as in the experiment in JUN45 calculation and
the values of these levels are higher than in the experi-
ment. In the jj44b calculation these levels are predicted
lower and 7+ and 8+ levels are interchanged with respect
to the experimental ones. The 9+ levels is located higher
in JUN45, while it is lower in jj44b calculation. The value
closer to the experimental one is predicted by JUN45 cal-
culation for 10+ level. The 10+2 , 11
+, 12+ and 13+ levels
which appear in the calculation have not been measured
in the experiment. The levels predicted by JUN45 from
16+ to 18+ have larger values as compared to experimen-
tal ones, while 16+ and 17+ have smaller values than in
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86Y
EXPT. JUN45 jj44b
(8+)218
1+272
1+844
(9+)886
(10+)1325
11(+)
1987
(12+)2521
13(+)
3189
(14+)3877
(15+)4191
16(+)
5777
17(+)
5993
4-
(5-)208 2
-243
(7-)302
9(-)
2042
10(-)
2259 11
(-)2351
11(-)
2758
12(-)
3090
13(-)
3454
14(-)
4010
15(-)
4710
16(-)
5430
17(-)
6412
18(-)
6779
19(-)
7216
8+
181
9+
852
1+
998
1+
1149
10+
1268
11+
1976
12+
2566
13+
3170
14+
3823
15+
4104
16+
5352
17+
5811 
18+
6812
4-
5-
264
2-
377
7-929
8-
1696
9-
1804
10-
2329
11-
2466
12-
2819
13-
3138
14-
3828
15-
4523
16-
5377
17-
6004
18-
6785
19-
7154
8+
74
1+
419 1
+513
9+
721
10+
1230
11+
1971
12+
2788
13+
3133
15+
4153 14
+4251
16+
5319
17+
5477
18+
6408
2-
4- 75
5-
158
7-348
9-
986
8-
1097
10-
1887
11-
2022
12-
2567
13-
2939
14-
3622
15-
4345
16-
5137
17-
6001
18-
6782
19-
7511
Fig. 1. Comparison of shell-model results with experimental data for 86Y with different interactions.
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87Y
EXPT. JUN45 jj44b
1/2-
5/2-
794
3/2-
983
1/2-
1641
(9/2-)1768
(11/2-)2038
15/2-
2367
13/2-
2480
15/2-2650
17/2-2676
(13/2-)2808
17/2-
2962
19/2(-)3403
19/2(-)3446
17/2-
3767
17/2-
3909
17/2-
4565
25/2(-)
5229 25/2
(-)5320
27/2(-)
5760
29/2(-)
5935
31/2(-)
6536
33/2(-)
7017
9/2+
381
5/2+
1153
13/2+
1405
11/2+
1591
(15/2+)2038
13/2+
2303
17/2+
2429
21/2+
2828
19/2+
2988
23/2+
3554
25/2+
4040
23/2+4556
25/2+
4610
27/2+
5289
25/2+
5496
27/2+
5827
1/2-
3/2-952
5/2-
986
1/2-
1547
7/2-
2066
9/2-
2185
11/2-2329
15/2-2357
13/2-
2682
17/2-
2823
15/2-
2929 
17/2-
3057
19/2-
3474
19/2-
3665
21/2-
3895
23/2-4906 
23/2-
4917
25/2-
5152
25/2-
5528
27/2-5979
29/2-
5988
31/2-
6606
33/2-
7000
9/2+
402
7/2+1458
5/2+1516
11/2+1550
13/2+1608
13/2+
24158
17/2+
2688 15/2
+2783
21/2+
3005
19/2+
3130
23/2+
3643
25/2+4179
23/2+
4481
25/2+
4596
27/2+
5127
25/2+
5455
29/2+5828
27/2+5874
1/2-
5/2-
653
3/2-
837
1/2-
957
9/2-
1401
13/2-
2163
11/2-2297
15/2-
2370
17/2-
2578
15/2-2833
17/2-2919
19/2-2920
19/2-
3223
21/2-
3406
23/2-
4254
23/2-
4706
25/2-
4843
25/2-
5009
27/2-5973
29/2-5982
31/2-
6667
33/2-
7110
9/2+151
7/2+
946
5/2+
1128
11/2+
1236
13/2+
1371
17/2+
2616 15/2
+2756
21/2+3326
19/2+3341
23/2+
3915
23/2+
4259
25/2+
4529
25/2+
4963 25/2
+5037
27/2+
5393 27/2
+5491
29/2+
6078
Fig. 2. Comparison of shell-model results with experimental data for 87Y with different interactions.
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88Y
EXPT. JUN45 jj44b
8+675
7705
9+1477
9+2312
10+2444
14(+)6266
15(+)6815
16(+)7142
17(+)7846
18(+)8627
9142
9614
4-
5-232
(6-)1462
(10-)3257
11-3652
12-3964
13-4178
14(-)4824
15(-)5558
16(-)5990
17(-)6533
18(-)7109
19(-)7417
8+823
7+863
9+1642
10+2540
10+3319
11+3439
12+4673
13+5687
14+6261
15+6689 
16+7324
17+8113
18+8847
19+9333
4-
5-293
6-1272
7-1665
8-2991
9-3021
10-3362
11-3819
12-4163
13-4379
14-5074
15-5766
16-7294
17-8107
18-10077
19-10184
7+484
8+536
9+1343
10+2188
11+3071
10+3169
12+4327
13+5002
14+5641
15+6347
16+6897
17+7780
18+8690
19+9382
4-
5-159
6-1062
7-1123
9-2168
8-2611
10-2940
11-3043
12-3448
13-3752
14-4465
15-5259
16-7060
17-7906
18-9942
19-10254
Fig. 3. Comparison of shell-model results with experimental data for 88Y with different interactions.
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89Y
EXPT. JUN45 jj44b
1/2-
3/2-1507
5/2-1745
(3/2-)2881
3/2-3068
(5/2-)3107
(5/2-)3139 13/2
-3343
(7/2-)3503 (3/2
-)3516
(7/2-)3557
15/2-4132
17/2-4450
19/2-4838
(21/2-)5310
(19/2-)5412
9/2+909
5/2+2222
7/2+2530 11/2
+2566
9/2+2622
(7/2+)2871
13/2+2893
(15/2+)4254
17/2+4825
(19/2+)4920
(21/2+)5264
(19/2+)5879
23/2+5879
(23/2+)6674
(25/2+)7184 (23/2+)7194
(23/2+)7259
25/2(+)7431
(25/2+)7590
27/2(+)7835
29/2(+)
8264
31/2(+)8720
1/2-
3/2-1270
5/2-2127
3/2-2559
5/2-2890
3/2-3029
13/2-3213
7/2-3315
7/2-3657
15/2-4284
17/2-4652 
19/2-4885
19/2-5499
21/2-5724
9/2+967
5/2+2035
7/2+2250
11/2+2769
9/2+2818
13/2+2964
7/2+3298
15/2+4833
17/2+5835
21/2+6256
19/2+6674
19/2+6967
23/2+7442
23/2+7972
25/2+8108
23/2+8315
25/2+8639
25/2+8889
27/2+9172
29/2+9643
31/2+11945
1/2-
3/2-1515
5/2-1615
5/2-2758
3/2-2821
13/2-3114
3/2-3224
7/2-3319
7/2-3600
15/2-4227
17/2-4262
19/2-4620
21/2-5425
19/2-5573
9/2+949
5/2+2101
7/2+2430
11/2+2530
7/2+2733
9/2+2789
13/2+3085
15/2+4355
17/2+5810
19/2+6379
21/2+6552
19/2+6913
23/2+7522
23/2+7826
25/2+7929
23/2+7985
25/2+8435
25/2+8599
27/2+9167
29/2+9811
31/2+11947
Fig. 4. Comparison of shell-model results with experimental data for 89Y with different interactions.
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Table 1. B(E2) reduced transition strength in W.u. Experi-
mental values were taken from the NNDC database.
Ipi1 → I
pi
f Eγ Exp. JUN45 jj44b
86Y 4− → 2− 242.80 1.00 (8) 2.12 0.08
(8+)→ (10+) 1107.08 > 0.030 11.67 18.06
(10+)→ (12+) 1195.88 > 0.021 10.74 22.04
88Y (8+)→ (10+) 1769.35 > 0.6233 9.30 9.34
(10+)→ (12+) 1195.88 > 0.021 5.44 0.91
87Y 1/2− → 5/2− 793.7 ≥ 0.0078 6.54 1.06
13/2+ → 17/2+ 1023.6 ≥ 0.0022 7.53 18.30
17/2+ → 21/2+ 399 4.6 (3) 3.99 5.00
21/2+ → (23/2+) 159.8 ≥ 4.1 7.51 9.90
21/2+ → (25/2+) 1782.4 4.9 (21) 5.67 6.76
89Y 9/2+ → 5/2+ 1313.2 4.3 (13) 2.99 3.22
9/2+ → 13/2+ 1984.1 4.3(8) 7.98 8.50
13/2+ → 17/2+ 1931.9 < 0.029 0.98 6.69
21/2+ → (25/2+) 1920.2 4.4(18) 5.94 3.26
25/2(+) → (29/2+) 832.9 < 8 0.53 5.84
27/2(+) → (31/2+) 885.9 < 19 1.09 0.02
1/2− → 5/2− 1744.7 2.3 5.38 5.29
13/2− → 17/2− 1106.5 2.1(5) 2.24 0.12
15/2− → 19/2− 706.3 2.2(10) 1.55 3.09
17/2− → (21/2−) 860.1 0.57(15) 0.93 2.27
the experiment in jj44b calculation. The 19+ level in both
calculations is close to the experimental level at 9142 keV,
to which in the experiment spin has yet not been assigned.
Both interactions predicting pi(p11/2) ⊗ ν(g
−1
9/2) configura-
tion for ground state 4− with probability ∼ 57 % (JUN45)
and ∼ 46 % (jj44b).
3.4 89Y
Both calculations predict 1/2− ground state as in the ex-
periment. In the JUN45 calculation the spacing between
3/2− and 5/2− levels are much higher then in the exper-
iment. In the jj44b calculation these two levels are closer
to the experiment and little bit compressed as compared
to the experiment. The 3/2−1 and 3/2
−
2 predicted better
by jj44b calculation. The 5/2−2 level in the experiment
predicted lower by JUN45 and even more lower by jj44b.
Both calculations gives small difference in the sequence of
the next experimental 13/2−, (7/2)−, (3/2)− and (7/2)−
levels, though the location of 3/2− level looks better in
jj44b calculation. The sequence of last five experimental
levels are exactly the same as in the experiment in jj44b
calculation and the values of these levels are closer to the
experimental ones than in JUN45 calculation.
Agreement of positive parity levels with the experi-
mental ones become much improved in both calculation
for the 89Y as compared to 87Y until 15/2+. Then both
calculations predict higher values than in the experiment.
As we move from 87Y to 89Y the ground state 1/2− is
the same with configuration i.e. pi(p11/2), now probability
become ∼ 71 % (JUN45) and ∼ 67 % (jj44b).
Table 2. Electric quadrupole moments, Qs (in eb), the ef-
fective charges ep=1.5 e , en=0.5 e are used in the calculation
and magnetic moments, µ (in µN ), for g
eff
s = 0.7g
free
s .
86Y 88Y 87Y 89Y
Q(8+1 ) Q(8
+
1 ) Q(9/2
+
1 ) Q(9/2
+
1 )
Experiment +N/A +0.06(6) -0.50(6) -0.43(6)
JUN45 -0.16 -0.022 -0.44 -0.27
jj44b -0.03 +0.005 -0.48 -0.34
µ(9/2+1 ) µ(9/2
+
1 )
Experiment +6.24(2) +6.37(4)
JUN45 +6.59 +6.81
jj44b +6.42 +6.56
4 Reduced transition probability, quadrupole
and magnetic moments
The electric multipoles of order L are defined as
B(el, L) =
1
2Ji + 1
| (Jf ||
∑
i
eir
L
i YL(θi, φi) || Ji) |
2,
(1)
where Ji and Jf are the initial and final state spins, re-
spectively.
The B(E2) values is defined as
B(E2) =
1
2Ji + 1
| (Jf ||
∑
i
eir
2
i Y2(θi, φi) || Ji) |
2 . (2)
The experimentally determined B(E2) values, for dif-
ferent transitions is listed in table 1. In this table we have
also listed value of Eγ for corresponding transitions. The
theoretical calculations were performed employing effec-
tive charges: epieff = 1.5 e, e
ν
eff = 0.5 e for two set of effec-
tive interactions. The overall results for JUN45 interaction
show better agreement with experimental data.
In table 2, we have also compare quadrupole and mag-
netic moments with available experimental data. The re-
sults are close to experimental data. Thus we may con-
clude that the present model space is sufficient to pre-
dict this property. Their is no need to include proton f7/2
orbital in the model space to see the importance of the
proton excitation across Z = 28 shell.
5 Occupancy
We have plotted occupancy of proton/neutron orbitals for
86,87,88,89Y in Fig. 5. As we move from 86Y to 89Y the pro-
ton occupancy for f5/2 orbital is increasing while the oc-
cupancy of g9/2 orbital is decreasing. While in the case of
the neutrons, the occupancy of both f5/2 and g9/2 orbitals
is increasing. This reflects that as we move towards 89Y,
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86Y
87Y
1/2−(g.s.) 1/2−(g.s.)89Y
88Y 4−(g.s.)
1/2−(g.s.)87Y
86Y 4
−(g.s.)4−(g.s.)
Proton Neutron
p3/2 f5/2 p1/2 g9/2
p3/2 f5/2 p1/2 g9/2
p3/2
p3/2 f5/2 p3/2 f5/2 p1/2 g9/2
f5/2p3/2 p1/2 g9/2
g9/2p1/2f5/2p3/2
p3/2 f5/2 p1/2 g9/2
Fig. 5. Occupancy of proton/neutron orbitals for ground state in 86,87,88,89Y isotopes.
the neutrons prefer to occupy g9/2 orbital. The occupancy
of neutron p1/2 orbital is greater than proton p1/2 orbital
and it is continuously increasing in the case of jj44b in-
teraction. The p3/2 orbital occupancy is always increasing
for both interactions as we move towards 89Y.
6 Conclusions
In the present work we performed full-fledged shell model
calculation for 86,87,88,89Y isotopes in f5/2pg9/2 model space.
Following conclusions have been drawn from this work:
– The calculated energy levels, B(E2)’s, quadrupole and
magnetic moments are in good agreement with exper-
imental data.
– Further theoretical development for identification of
intruder orbitals including d5/2 orbital in the model
space is needed to study excitation across N = 50
shell for better identification of the structure of these
nuclei.
– Both interactions predicting pi(p11/2) configuration for
ground state (1/2−) for 87,89Y, while in case of 88Y
ground state (4−) has pi(p11/2)⊗ ν(g
−1
9/2) configuration.
– For the ground state the neutron occupancy is increas-
ing for f5/2 and g9/2 orbitals as we move from
86Y to
89Y.
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